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ON A CLASS OF MULTISTAGE SELECTION
PROCEDURES WITH SCREENING FOR
THE NORMAL MEANS PROBLEM®

By AJIT C. TAMHANE

Northwestern University, Evanston, Illinots

SUMMARY. The problem of selecting the population associated with the largest mean
from %k normal populations which have a common known variance is considered. A class of
L-stage selection procedures, which have the desirable property that they screen out the non-
contending populations as the sampling proceeds from one stage to the next, is proposed. The
proposed procedures are adaptive, capitalizing on favorable configurations of population means,
and have the added advantage that they terminate in at most L stages (where L is typically
small, two to five). Tables of “optimal’ design constants required to implement the procedures
are provided as are the performance assessments based on Monte Carlo simulations for the
procedures using these design constants. The proposed procedures are compared with some
existing procedures and it is found that the former offer considerable improvement over the latter
in large number of situations.

1. INTrRODUCTION

In this paper we propose a class of L-stage procedures (#) for selecting
the normal population with the largest mean (referred to as the “best”
population) when the populations have a common known variance. The
procedure #p, screens out the noncontending populations as the sampling
proceeds from one stage to the next and employs Gupta’s (1956, 1965) screen-
ing type subset selection approach in the first (L-1) stages and Bechhofer’s
(1954) indifference-zone approach to all popuiations retained in the final
stage. This procedure is a generalization of the two-stage procedure %,
proposed in Bechhofer and Tamhane (1977) (see also Alam, 1970). The
practical considerations which prompted the development of multistage
screening type selection procedures are explained in Bechhofer and Tamhane
(op. cit.).

This same approach is applicable to many other selection problems,
e.g. normal variances problem. Also by using appropriate transformations
to normality, the tables given in this paper can be applied as approximations
in these other selection problems. Now we give the mathematical formulation
of the selection problem and some notation.
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198 AJIT C. TAMHANE

Let X;, (v = 1, 2, ...) denote i.i.d observations from population II; which
is normal with unknown mean u; (1 < % € k) and known variance 0% Let
iy < - < prg denote the ordered values of the gy and let 0y = ug—pupn
(1<4,5j< k). It is not known which population is associated with
wi (1 < @ < k). Experimenter’s goal is to select the population associated
with g (if two or more populations tie for the largest mean then select any
one of those populations), termed the best population. Such a selection is
referred to as a correct selection (CS).

According to the indifference-zone approach (Bechhofer, 1954) to this
selection problem, it iz assumed that the experimenter can preassign two
constants &* > 0 and P* (1/k < P* < 1). He wants a procedure # which
guarantees the probability requirement

Pp(CS[ﬁ) > P* whenever 0 x_, > 0%, .. {LD)

where the subscript w = (gy, ..., px) denotes that the probabiiity is computed
under the parameter configuration .

The parameter space of the possibie p’s is denoted by Q and the preference
zone for a CS by Q(0*) = {@ € Q|8 r_; > 0*}. The associated indifference
zone is the complement of Q(6*) in Q. To sclve the mathematical problem
of guaranteeing (1.1) for a specified # it is necessary to find a @y e Q(8*) where
the infimum of P‘,,(CSI”) over Q(8*) occurs; such a p, is referred as a least

favourable configuration (LEC) for .

A Dbrief summary of the paper is as follows : In Section 2 we propose
a L-stage procedure X; and derive an expression for its exact PCS when
k = 2 and lower bounds on the PCS for £ > 2. Rection 3 gives the various
restrictions imposed on the design constants of p; to facilitate their evalua-
tion. Section 4 describes a method for determining the “optimal” design
constants of #; by minimizing the expected total sample size at some selected
@; the estimates of the expected total sample size are obtained by Monte
Carlo simulations. Finally Section 5 gives some performance comparisons.

2. A L-STAGE PROCEDURE X AND 118 PCS

2.1. A L-stage procedure ;. We propose a L-stage (L > 2) procedure
=P (Ny,...,NL; hy, ..., ) which depends on positive integers
N, < ... < N and real constants k> 0 (1 <1 L) with hz =0; these
are referred to as the design constants of #;. The integer n; = N;—N, 11
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(where N, = 0) denotes the common number of observations to be taken at
the I-th stage (1 ! L) from each population still retained for sampling
at that stage and A; is the ‘‘yardstick’” used in determining the subset of the
populations to be retained in the (I--1)st stage (1 < I  L—1), the sampling
being terminated at the L-th stage. The design constants of #; are to be
determined so that (1.1) is guaranteed. Now we describe .

At the 1st stage take a random sample of size n, = N, from each II; for

. N,
tel; ={1,2,...,k} and compute the k sample means X = % X; IN,

=1

(1 <4< k). Determine the subset {Il;, ieI,} to be retained for sampling
in the second stage where I, = {icI,|X{ > max jor, XV—p). Ifonlya

single population is retained then stop sampling and assert that, that popula-
tion is best. Otherwise proceed to the second stage. In general, at the
[-th stage (1 I L—1), take a random sample of size n; = N;—N;_; from
cach II; for i ¢ I; (i.e., the set of populations retained for sampling at the I-th

= k.
stage) and compute the cumulative sample means X = 21 X, /N;. Deter-
=

mine the subset {Il;, i¢ /;,,} of populations to be retained for sampling in
the (I41)st stage where I, = {tel;|X® > maxle;.”—kl}. If only a
single population is retained then stop sampling and assert that, that popula-
tion is best. Otherwise proceed to the (I-1)st stage. At the L-th stage,
take a random sample of size ng, = Ny—Ny_, from each II; for ¢ Iy, and

- Ny
compute the cumulative sample means X(I = ¥ X, /N;. Terminate
r=1

sampling and assert that the population associated with max

- XD is best.

Note that only the case L > 2 is of concern to us here because for I, = 2
the minimax design constants (without placing any restrictions on them as
we do for L > 2 in the present paper) are given in Tamhane and Bechhofer
(1979).

2.2, Exzact PCS for k = 2 and lower bounds on the POS for k> 2. An
exdct general expression for the PCS of #p for arbitrary k and L is difficult
to detive. For L = 2 and arbitrary k an exact expression for the PCS has
been derived in Tamhane and Bechhofer (1977). However, the LFC asso-
ciated with this exact PCS has been determined only for £ = 2. Even if
the LFC can be determined for k£ > 2, the problem of numerical evaluation
of the exact PCS on a computer appears to be very formidable.
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For k = 2 and arbitraty L, an exact expression for the PCS of #p can
be derived as follow<: Let PCS; denote the probability that a correct

selection is made at the I-th stage (1 £ I < L). Let Xg; denote the cumula-

tive sample mean up to the I-th stage which is associated with ypy; and let

Xﬁ; be the corresponding sample mean based on the observations taken
ill the l-th Sta’ge Only (1 < l < L; @: 1, 2) Further let 8 — :“[2]“,“[1] a,nd
Py = /Ny (1 <1<J, 1 <j <L) Then

L
P,(C8|#p) — X PCS; L (20)
I=1

where

N B (8 hl N1 9 <
Pcsl_cb[ = '*/T . (2.2)

and

PCS; = Pp{X® > XQ+hy; —h K XP—-XH < By (1 K<< -1

r ! ~ o~
L (XX (8— kl) Ny (60— h,) N;
= Pud E Ve [——( G kD )x/ J '\/ . ~/

j v ]
4 [ER-Xg+o) Oths) [Ny (1< j<i—1
<Zy ,,.[ B N R NL R )y
= ] Jjo S —“(8_7”) A/A—T’“ lil S og & ) lﬁ] Plagda
N \/p—u g 2 42 vV Py j} j=1 S

.. (2.3)

for 2 I L. In(2.3) ®(-) and ¢(-) denote the standard normal c.d.f and
the corresponding p.d.f respectively and the lower and upper limits for the
j-th (1 < j < I-1) integral are

1 (—h N, = 0
—:! O.j)“\/zz - El V pagi j

Vo |
and
1 ( <a+k,) v, &=
o — IV g
Vpﬂ L “/ Py j
respectively.
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"By writing

Pu(CS|#L) = Pu{Il,, gets eliminated}

= Pu{ZR—XD < —pyfor some (1 < I < L)}

where I14, is the population with mean iy, it is casy to see that Pu(CS|#g)
is an increasing function of & = yr,—pugy; for k= 2. Therefore the LFC
i8 given by & = ¢* for k = 2.

The case k = 2 is not of much praotical interest (because there is no
screening involved), but we can use the results for this case to give us some
idea about how much we lose by using = lower bound on the PCS to be pro-
posed in the theorem below for arbitrary k and L. For both the bounds pro-
posed in the theorem, namely (2.4) and (2.5), it can be shown that the LFC
is the usual slippage configuration; s-e the corollary. However, only the
infimum of the less sharp bound given by (2.5) is computable in practice.
We have given the sharper bound here with the hope that computations with
it will become feasible in future. The proof of the theorem is omitted because
it is a straightforward extension of Theorem 3.1 in Tamhane and Bechhofer
(1979).

Theorem : For any pe Q we have the following inequalities -

© L 5
PuCS|#)> [..] Mo, [w P

—-o - (=]
("“iﬁ‘/ﬂ_mm]x¢L(x1,...,xL|RL)dx,...de L (24)
L o k- A
> {7 n1¢(x+_(M/—N‘_]d®(x)} . (2.6)
1=l i ~® i=1 4 ‘
where O (., ..., | RL) denotes the c.d.f. and ¢rl., ...,.|RL) the corresponding

p.d.f. of a L-variate random vector whose components are standard normal and
whose correlation matrixc is Ry = {ry} where

tm = Tt = VI N (1<l <m< L. e (2.6)
B8 4-10
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Corollary : The infimum with respect to p of (2.4) and (2.5) over Q(5*)
18 altained at the configuration pry = Mk = ,um—a (LFC’) and thus for all
€ Q(8%) we have that ) ’

Pues|my > [ (ot [ LAV WA

Mh—:)i_x[,iRL] X¢L(x'1, vy xL]RL)dxl ‘ee de “ ces (27)
. e
H f Pr-1 [ x+@+_h.____WN’] dtblx)} . .. (2.8)
l-l 4

Henceforth we shall use only the bound (2.8) and derive a consorvative
procedure by equating it to P*. Note that the discrepancy between (2.7)
and (2.8) will increase as L increases but for values of L of concern in this
paper (namely three to five) the discrepancy is not substantial.

2.3. Comparison of the exact PCS and the lower bound for k = 2. For
reasons mentioned in Section 2.2 we shall compute the values of the exact
POS for k = 2 given by (2.1) (at § = ¢*) and the lower bound on it given by
(2.8) for some selected values of design constants. Although tho exact PCS
can not be computed directly.for & > 2, it can be estimated by Monte Carlo
simulations and these estimates can bo used to assess the conservativism of
the bound; th1s is dfone in Section 5

For the numerlcal comparison between tho exact POS and the lower
bound the design constants of X, were selected as follows: We set

(O*+h )V, GV

(the above choice is employed later in Soction 3) and n, - = ng = n (3ay)

which need not be an integer. Equating (2.8) to P* we find that

; b = VZO-I(P*)L],
Thus we obtain

(8*+h). [N, pe
( .j" z).’/?zzg,_wp.)lm] (1<KILK D) .- (2.9)
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and

G —t) [T, T b e
- 1) 4/‘2“l=¢_1[(P*)UL]{24/L_“I} 1gigrn). ... (210)

Using (2.9) and (2.10) the valuos of the exact PCS (given by (2.1)) were com-
puted for L = 3 and 5 and for selected values of P*; tho results ate displayed
in Tablo 1. Note that L = 3 roquires cvaluation of double integrals while
L — 5 roquires evaluation of quadruple intograls over general regions. These
intogrations were performed using the NIMRAS routine involving repeated
applications of Simpson’s rule developed by the Academic Computing Center
at the University of Wisconsin, Madison.

TABLE 1. COMPARISON OF THE EXACT PCS AND. P*
GUARANTEED BY THE LOWER BOUND (2.8)
FOR k=2 -

exact PCS at Brgy —Pyy = 3

P.
L=38 L=5

0.75 0.8534 0.8703
0.80 0.8802 0.8948
0.85 0.9076 - 0.9180
0.90 0.9361 0.9470
0.95 0.9661 0.9705
0.99 0.9924 0.9939

These computations show that the bound is quit> conservative for low
values of P* but for P* > 0-90 (which are the values often einplo’yed in
pradﬁco) the bound is not very conservative. As L increases from three
to five, there is a slight increas> in the conservativism of the bound as is to
be expected. The Montc Cerlo simulations for #j reported in Section 4
and 5 are carried out for P* = 0-90 and 0-99 and thus their results should

be credible.

3. SOME RESTRICTIONS ON THE CHOICE OF DESIGN CONSTANTS OF #j,
Lot us reparamoterize the original design constants to new ones as

follows :

PN A WY 7
o=V 4o BV a g

We shall regard {(e;, i), 1 < I < L} as nonnogative continuous variables for
convenionce. For determination of {(c,di), 1 <! < L} one can use. an
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appropriate criterion, viz., minimization of the expected total sample size
at the LFC subject to the constraint (obtained from (2.8)):

it { i <D"1(x+c;+d1)dd>(x)} > P . (8.1)

J=1 -

The resulting optimization problem will, however, be quite intractable because
of the number of variables involved.

To simplify the optimization problem we shall reduce its dimensionality
by making the choice

ey+dy = cp+dy = ... = cp+dp = ¢ = b(say) . 13.2)

where, for given £ and P*, b solves the equation

f Oz 4 b)dD(x) = (P*)UL. . (3.3)

We shall perform optimizaticn within the restricted elass of #; defined by
(3.2). Indeed, this leads to a suboptimal solution, but, as is found later in
the Monte Carlo study, even this solution vrovides a significant improvement
and it has the obvious advantage of less computation and tabulation.

For k=3, 4,5, 7,10 (5) 25, L == 3, 4, 5 and P* = 0:75, 0-90, 0-95 and
0-99, the values of b calculated from (3.3) are given in Table 2. One can
also use tables in Gupta (1963) or Milton (1963) to obtain the b-values in an
approximate fashion. The values of (¢, d;) for 1 <1< L are given by

co="b cq=rgyc d = (1--ryp)b (34)

and the values of (Ny, k) for 1 < | < L are given by
Ny =[(bo 0%, Ny = [(ry, ba[0%)2), hy = 81 —ryp)fryy -~ (3.5)

where [] denotes the smallest integer > .

The experimenter can use tabulated values of b in conjunction with any
choice of sample size ratios to obtain (IVy, ;) from. (3.5) which would guaranteo
(1.1). We consider 2 special fa.milyfof sample size ratios, namely that the
sample sizes in successive stages are in corstant proportion, i.e. n; == at-ln,
1 <! L) for some a> 0. Thus r; = {(1—a?)/(1—al)}* for a # 1 and
ng =VILfora = 1.
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TABLE 2. DESIGN CONSTANTS &

P*
k L
0.75 0.90 0.95 0.99
3 2.2966 2.9401 3.3432 4.1346
3 + 2.4924 3.1059 3.4936 4.2608
5 2.6375 3.2302 3.6070 4.3568
3 2.5158 3.1392 3.5305 4.3007
4 4 2.7054 3.3001 3.6767 4.4237
5 2.8458 3.4208 3.7869 4.5173
3 2.6627 3.2739 3.6578 4.4146
5 4 9.8484 3.4317 3.8014 4.5357
5 2.9862 3.5502 3.9097 4.6278
3 2.8586 3.4551 3.8303 4.5704
7 4 3.0399 3.6093 3.9706 4.6889
5 3.1743 3.7250 4.0764 4.7791
3 3.0430 3.6273 3.9949 4.7205
10 4 3.2206 3.7784 4.1324 4.8368
5 3.3522 3.8917 4.2361 4.9253
3 3.2324 3.8055 4.1662 4.877%
15 4 3.4065 3.9537 4.3010 4.9923
5 3.5357 4.0649 4.4028 5.0791
3 3.3569 3.9235 4.2797 4.9836
20 4 3.5291 4.0700 4.4132 5.0965
il 3.6567 4.1799 4.5138 5.1824
3 3.4490 4.0111  4.3646 5.0623
25 4 3.6198 4.1563 4.4968 5.1745
5 $.7464 4.2654 4.5966 5.2597

This special choice of sample size ratios appears to be reasonable; further-
more, it enables us to seek for an “optimal” (with respect to an appropriate
criterion) choice of these ratios by manipulating a single quantity a. It
might be noted that within this further restricted class, for given & and P*,
&1, depends only on @; we denote the corresponding #r, by #y (a).

4. DETERMINATION OF OPTIMAL CONSTANTS a*

4.1. Expected number of stages and expected sample size for #r. Let M
and N denote, respectively, the number of stages to termination and the
total sample size required by #r. Lot Ey(M|#1) and Eu(N |#1) denote
the corresponding expected values evaluated at p. These two quantities are
later used in assessing the performance of #z.
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Although it is possible to derive oxact oxprossions for Eyu(M|#.) and
Eu(N|#L), they aro tco cumborsomo to bo of much computational or analytical
use. Therefore we have usod the Monte Carle ostimates of theso quantities
in the performance assessmeont of #7. Exact oxprossions of theso quantities
are derived in Tamhane (1978) for some spociel casos (L =2, k> 2 and
L>2 Fk=2).

4.2.  Monte Carlo results and a table of optimal constanis a*. To determine
the “‘optimal” values of a, we have considered two criteria : (i) minimize E(N)
at the configuration pp;) = px; called the equal means configuration (EMC);
(ii) minimize E(N) at the configuration upy; = pre_y = piey —90° called the
Although E(M) is not considered in thoso ootimization criteria, it is taken
into account later in the overall porformance assossment of XL made in
Section 5.

The optimal values a*(a},, minimizes Egye(N|#.) and a"rrc
minimizes Erpo(N|#,) wero found by a seerch mothod which used the esti-
mates of E(N|#L) at the rospective configurations obteined from Monte
Carlo experimonts. For specifiod values of 8*, P*, k and o?, the search was
conducted by varying the value of a in the appropriate direction in stoos
of 0-1. Because of budget limitations, wo have found tho a*-values only for
k=25,10,25, L=3,5 and P* = 0-90 and 0-99. Thoso values are given
in Table 3. It should be noted that the variation in a*-values is very small
and hence, interpolation can be wusod for P* = 0-95 and the other
(k, L)-combinations.

For each (k, L, P*)-combination T Monte Carlo experiments were
conducted where T = 1000 or 500 as given in Tablos 4 and 5. Throughout
&* and o* were fixed at 1. (The fact that this choice is not restrictive is clear
if we note that both Ew(M|#L) and Ey(N|#L) depond on the distribution
of differonces botween X" and X{® and if we consider an appropriate stan-
dardization.) The Fortran routine RANF was used to generate the uniform
[0,1] random variables which were used in the Box-Miller algorithm to
gonerate the stenderd normal rendom variebles. It was observed in all
cases that, as a is incToased, Egpyc(N | PL) (Brre(N| L)) first decreascs and
after achieving a certain minimum value incroases. Thus no multiple
minima wore observed. In most cases ap,e and a}g, are not too different
with a}ye < @ppg in 2ll cases. This lattor fact heloed in restricting the
search. An explanation for this fect is that when the true g = LFC, fewer
populations aro retained for sampling in the latter stages of #;, compared to
when the true p = EMC. Thus Ezrc(V|#,) is mado smaller by taking fewer
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TABLE 3. DESIGN CONSTANTS A*

L *
k pe L Spmo aLro

3 1.2 - 1.5

0.90
[ 1.2 1.6

5 . .

' 3 0.9 . 1.4

0.98
5 1.0 1.2
3 1.4 1.6

0.90
5 1.1 1.3

10

3 1.0 1.3

0.99
5 1.0 1.3
3 1.5 1.6

0.90
5 1.3 1.3

25

3 1.1 1.4

0.99
5 1.1 1.3

obsorvations on each population in the earlier stages and more observations
on cach population retained in tho latter stages which corresponds to choosing
larger valuo for afy, than for agy..

~ For each afyye and alpp, the ostimates of E(M) and E(N) wore obtained
at threo configurations : EMOU, LFC and a configuration called the equal
distance configuration or EDC which satisfies ppr,—me = 6* (1 < i  k—1).
In addition tho estimatos of the achieved PCS at LFC were cbtained. All
these estimates along with their standerd errors are given in Table 4 (for
(agye) and Table 5 (for a7zg). A discussion of the simulation results is
given in Section 5.2.

5. SOME PERFORMANCE COMPARISONS
5.1. Comparison of PL(ayuyc) and P (a3pc) with #;.  As a measure of the
performance of PL(RL(a},.0) or Ppalpe) reletive to that of Bechhofer’s (1954)
single-stage procedure #; when both guaranteo the same probability
requirement (1.1) we define tho reletive efficiency (RE) of #;, with respect
to #p, as follows :

YER(M|#.)+Ep(N|P;)
v l4kn

where kn is tho total sample size required by #; to guarantee (1.1);

REW(P, : #LIk, 8%, Pt o,y) =

(5.1)

n = [(ca/6*)*]
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where ¢ solves the equation

[ of

| ®k-YHztc)dd(z) = P*; ... {5.2)

and y 2> 0 can be interpreted as the relative cost of sampling one stage
versus the cost of taking one observation. We are assuming here that y
remains fixed regardless of the number of populations sampled in each stage;
perhaps & more realistic measure would take into account the number of
populations sampled in each stage. Note that RE-values less than unity
favor #p, over #,.

Based on the Monte Carlo estimates of E(M) and E(N) given in Tables
4 and 5, the estimates of RE of #; remative to #plag,, and Ppla)ms) at
EMC, LFC and EDC were computed for y = 0, 5 and 10. These RE-vaiues
are given in Tabie 6 (for Z velative to Fplag,,e)) and Table 7 (for #, relative
to #r(aipe)). In these computations the c-values which are the solutions
to (5.2) were taken from Milton (1963). Now we discuss the performance
of Prlagye) and Frla]yc) based on the resuits in Tables 4 and 6 and
Tables 5 and 7 respectively.

First looking at the valaes of the achicved PCS at LFC in Tables 4 and 5
we see that, as expected, both the #,’s overprotect in terms of the P*-require-
ment and the overprotection incteases with L. Clearly at P* = 0-99 the
overprotection is much less than that at P* = 0-90. In cither case the
bound does not appear to be overly consorvative at these P*-values. Note
that in Teble 5 when k= 25, P* -= 0-99 and L = 5 the observed fact that
the achieved PCS == 0-988 is less than P* —= 0-99 can be explained as being
due to sampling error.

Next we study Tables 6 and 7 which provide summaries of the results
in Tables 4 and 5, respectively. In discussing the variations in RE with
respect to a certain quantity, say P*, we assume that the remaining quantities,
in this case k, L, y, p, «* and 6*/o are kept fixed. Unless otherwise noted,
the nature of variation in RE with rospoct to a given quantity is the same
regardless of the values at which the other quantities arc kept fixed.

~ We note that RE decreases as k increases; i.e., savings due to using
P, in place of X, increase with k. This indicates that the effectiveness of
P}, as & screening proceduro increases with k. We also note that RE decreases
as the &, increase and thus X, capitalizes on favorable configurations.
An important observation is that at y = 0, RE < 1 at EMC (which is in some
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TABLE 4. MONTE CARLO RESULTS FOR pL(a;,MC)

EMC LFC EDC

B P* L T  PrpolCS)
E(N) EM) E(N)  EM) E(N)  EM

3 1000 934 31.883 2.469  24.881 1.958  18.846 1.539

{.008) (.276) (.021) (.245) (.021)  (.158) (.020)

090 5 1000 943 33.021 3.964 24,061 3.072  15.373 2.316

i (.007)  (.324) (.031)  (.282) (.033)  (.180) (.032)
> 3 1000 .991  67.097 2.515  45.941 1.572  $9.249 1.253
(.003)  (.430) (.020)  (.345) (.018) (.186) (.014)

099 5 1000 994 67.172  4.033  41.497 2.409  29.251 1.861
(,002)  (.470) (.029)  (.388) (.026)  (.230) (.025)

3 1000 918 72,018 2.767  56.883 2.208  36.292 1.640

(.009)  (.516) (.014)  (.500) (.019)  (.209) (.021)

090 5 500 938 72.536  4.212  54.428 3.118  31.846 2.102
(.011)  (.721) (.03T)  (.697) (.045)  (.270) (.041)

10 3 1000 994 142,24 2753  100.74  1.852  79.179 1.327
(.002)  (.753) (.014)  (.706) (.019)  (.244) (.016)

099 5 500 994 138.92  4.332  91.193 2.640  57.541 1.876
(.003)  (1.14)  (.035)  (1.06) (.037)  (.360) (.035)

3 1000 .930 195.35  2.924 150.30  2.511  92.765 1.690

(.008)  (1.17)  (.008) (1.18)  (.017)  (.255) (.020)

090 5 500 932 186.89  4.652 144.33  3.792  60.970 2.454
(.011)  (1.81) (.026) (1.73) (.085)  {.354) (.042)

% 3 1000 993  369.60  2.913 271.16  2.066 200.27 1.387
(.003)  (1.72) (.009) (1.75) (.016)  (.291) (.017)

099 5 500 990  349.20  4.646 239.68  3.138 124.59 2.004
(.004) (2.68)  (.026) (2.51)  (.033)  (.411) (.035)

The standard errors of the estimates arc given in round brackets.

sense the ‘‘worst’ configuration) for all the cases studied. Thus in terms
of B(N), both Py, (ag,,.) and Py, (a}z) offer savings over #; regardless of p.

Next considering variation in RE with respect to v, we notice that RE
increases with y as is to be expected. However, for v > 0, when k=25,
RE > 1 only at EMC and in few cases at LFC and when % =10, RE > 1
only in few cases at EMC. In all ofher cases {in particular at EDC when
k==5 or 10 and at all @ when k& = 25) we notice that RE < 1. Thus even

B3 4-11
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TABLE 5. MONTE CARLO RESULTS FOR 7 (a} )
EMC LFC EDC
k pP* L T Prpc(C8)—o —— —
E(N) EM) E(N) EM) EN) EM)
3 1000 931 32.331  2.622  24.456 2.145  16.998 1.706
(. 008) (.304)  (.019) (-278)  (.020) (.184) (.021)
0.90
5 1000 .943  33.302  4.232  23.782 3.405  14.326 2.677
(.007) (.348) (.028) (.311)  (.032) {.200) (.033)
5
3 1000 .991  69.362  2.790  44.130 2.013  30.456 1.598
(.003) (.500) (.014) (.445) (.018) (.266) (.018)
0.99
5 1000 .993  68.014 4.352  40.464 2,914  25.306 2.261
(.003) (.530) (.026) (.417)  (.027) (.257) (.027)
3 1000 L931  72.437  2.816 56.803 2.410  32.900 1.744
(.009) (.553) (.013) (.541)  (.019) (.233) (.021)
0.90
5 500 .928  72.988 4.450  53.137 3.55¢  25.979 2.502
{.012) (.806) (.033) (.761) (.042) (.316) (.046)
10
3 1000 993  144.33  2.867  97.604 2,112  64.160 1.338
(.003) (.852) (.011) (.808) (.017) {(.296) (.018)
0.99
5 500 .994  141.65  4.658 88,112 3.400  40.747 2.462
(.003) (1.29)  (.026) (1.15) (.036) (.417) (.039)
3 1000 L0928 195.52 2.935 158.68  2.556  87.024 1.769
(.008)  (1.22)  (.008) {1.21)  (.0L7) (.263) (.020)
0:90
5 500 .932  186.89  4.652 144.33  3.792  60.970 2.454
(.011) (1.81) (.026) (1.73)  (.035) (.354) (.042)
25
3 1000 L991  373.21  2.954  267.54  2.304 157.68 1.609
{.003)  (1.94)  (.007)  (2.03)  (.016) (.339) (.018)
0.499
> 500 .988 353.35  4.828 236.81  3.638  99.882 2.420
(.005)  (2.89) (.019) (2.73)  (.031) (.450) (.036)

The standard errors of the cstimates are given in round brackets.
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TABLE 6. RELATIVE EFFICIENCY OF g, WRT #;, (a}, )
% P* L Y  REgyc RELrc REzpc
0 0.9435 0.7363 0.5577
3 5 1.1401 0.8938 0.6842
10 1.2918 1.0153 0.7818
0.90
0 0.9772 0.7120 0.4549
5 5 1.3622 1.0162 0.6948
10 1.6592 1.2509 0.8799
5
0.8735 0.5981 0.5109
3 5 0.9738 0.6576 0.5563
10 1.0626 0.7103 0.5964
0.99
0 0.8745 0.5402 0.3808
5 5 1.0675 0.6544 0.4713
10 1.2383 0.7555 0.5513
0 0.8094 0.6393 0.4079
3 3 0.9135 0.7275 0.4734
10 1.0072 0.8069 0.5324
0.90
0 0.8152 0.6117 0.3579
5 5 0.9959 0.7450 0.4507
10 1.1584 0.8649 0.5341
10
0 0.7892 0.5589 0.4393
3 5 0.8422 0.5938 0.4632
10 0.8924 0.6269 0.4859
0.99
0 0.7707 0.5059 0.3192
5 5 0.8669 0.5635 0.3613
10 0.9579 0.6181 0.4011
0 0.6795 0.5541 0.3227
3 5 0.7179 0.5875 0.3460
10 0.7549 0.6199 0.3686
0.90
0 0.6501 0.5020 0.2121
5 5 0.7185 0.5583 0.2504
10 0.9410 0.6126 0.2874
25
0 0.6969 0.5113 0.3776
3 5 0.7176 0.5258 0.3871
0.99 10 0.7380 0.5401 0.3963
0 0.6585 0.4518 0.2349
5 5 0.6957 0.4769 0.2515
10 0.7323 0.5015 0.2677
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TABLE 7. RELATIVE EFFICIENCY OF p, WRT WL(GZFC)
k P* L v REEguc RELrc REgnc
3 0 0.9568 0.7237 0.5030
5 1.1714 0.9069 0.6581
10 1.3370 1.0483 0.7777
0.90
0 0.9855 0.7038 0.4239
3 5 1.4039 1.0519 0.7143
10 1.7268 1.3206 0.9384
5 0 0.9030 0.5745 0.3965
3 5 1.0183 0.6624 0.4699
10 1.1203 0.7402 0.5349
0.99
0 0.8854 0.5268 0.3294
5 5 1.0973 0.6727 0.4475
10 1.2847 0.8017 0.5519
0 0.8141 0.6384 0.3698
3 5 0.9206 0.7326 0.4429
10 1.0164 0.8174 0.5086
0.90
0 (.8203 0.5972 0.2920
5 5 1.0134 0.7545 0.4095
10 1.1870 0.8959 0.5152
10
0 0.8007 0.5415 0.3560
3 5 0.8565 0.5839 0.3879
10 0.9093 0.6240 0.4181
0.99
0 0.7859 0.4888 0.2261
5 5 0.8904 0.5674 0.2864
10 0.9894 0.6419 0.3436
0 0.6801 0.5519 0.3027
3 5 0.7186 0.5862 0.3278
10 0.7559 0.6193 0.3520
0.90
0 0.6501 0.5020 0.2121
5 5 0.7185 0.5583 0.2504
10 0.7846 0.6126 0.2874
25
0 0.7037 0.5045 0.2973
3 5 0.7248 0.5213 0.3096
0.99 10 0.7454 0.5378 0.3216
0 0.6663 0.4465 0.1883
5 5 0.7052 0.4764 0.2092
10 0.7433 0.5056 0.2296
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TABLE 8. RELATIVE EFFICIENCY OF p3 WRT 2 (a%,)
kPt L y  REgmc  REwc  REzpc
0 1.0811 0.9824  0.9240
3 5 1.1319 1.0234  0.9656
10 1.1627 1.0479  0.9990
0.90
0 1.1197  0.9500  0.7537
5 5 1.3523 1.1636  0.9806
10 1.4932 1.2012 1.1145
5
0 1.0175  0.9827 0.8220
3 5 1.0595  0.9409 0.8548
10 1.0024  0.9714  0.8814
0.99
0 1.0186  0.8155 0.6127
5 5 1.1614  0.936¢  0.7245
10 1.2731 1.0333  0.8155
0 1.0166  0.9448  0.7790
3 5 1.0664  0.9931 0.8379
10 1.1056 1.0307 0.8839
0.90
0 1.0239  0.9041 0.6836
5 5 1.1627 1.0171 0.7977
10 1.2716 1.1049  0.8869
10
0 0.9774  0.8927 0.7624
3 5 1.0054  0.9192  0.7860
10 1.0301 0.9429  0.8055
0.99
0 0.9546  0.8081 0.5540
5 5 1.0349  0.8724  0.6121
10 1.1057 0.9206  0.6648
0 0.9674  0.9132  0.6924
3 5 0.9915 09365  0.7217
10 1.0135  0.9577  0.7483
0.90
0 0.9255  0.8273  0.4561
5 5 0.9921 0.8898  0.5222
10 1.0533  0.9464  0.5835
25
0 0.9477 0.8760  0.7120
3 5 0.9607 0.8875  0.7226
10 0.9731 0.8986  0.7329
0.99
0 0.8954  0.7740  0.4429
5 5 0.9314  0.8049  0.4694
10 0.9656  0.8344  0.4950

This content downloaded from 129.105.36.215 on Fri, 13 Mar 2015 21:57:43 UTC
All use subject to JSTOR Terms and Conditions

213


http://www.jstor.org/page/info/about/policies/terms.jsp

214 AJIT C., TAMHANE

after accounting for the cost of sampling additional stages, #; (ay,.) and
#r(a}p) dominate #, in large number of situations. The effect of increas-
ing y on RE is much less for large values of k. This is because the expected
total sample sizes are large for large k and hence the cost of sampling stages
is only a small fraction of the total sampling cost.

Next considering variation in RE with respect to L, we notice that, for
v = 0, RE decreases as L increases except in few cases at EMC when k = 5
or 10. Thus increasing the number of stages L results in savings in E(N)
at least for moderately large k and at m-values away from EMC. Clearly
for y > 0, RE increases with L in many instances because the cost of sampling
additional stages is taken into account.

It is also found that, in general RE decreases as P* increases although
there are exceptions to this when k& = 25. Finally we note that RE relative
to #rlays0) < RE relative to #p, (a7,.) for all the three values of y at EMC
(for y = 0 by design) and for y = 5 and 10 at LFC. On the other hand, RE
relative #r(a}y0) < RE relative to &, (agy,) at LFC for y = 0 (by design)
and at all the three values of y at EDC (except in few cases when k = 5).
Thus, in general 2 (a]z;) performs better than #p, (ay,.) when the y are
spread far apart; otherwise #p(apyo) performs better.

5.2. Comparison of Pr(ayyc) with minimaz #,. In Tamhane and Bechhofer
(1977) we proposed the minimax criterion (i.e. minimize maxpaB ()
and showed that the maximum of Eu(N|#,) over Q occurs at EMC. A
table of design constants for minimax #,, say #;, computed using the sharper
bound (2.7) on the PCS are given in Tamhane and Bechhofer (1979). It
would be of interest to compare Py, (ag,..) with #; and explore the extent of
gains achieved by going from two to higher number of stages. In making this
comparison it must be kept in mind that in determining the design constants
of Pr(ag,,c) we placed certain restrictions on them for computational ease.
Furthermore, we used the less sharp bound (2.8) on the PCS of #;. Thus
the comparison is biased in favor of #;.

As a measure of the performance of Pr(Pylay,.) of Pr(a]y.)) relative
to that of #; when both guarantee the same probability requirement (1.1)
we define the relative efficiency (RE) of X with respect to #, as follows :

YEu(M | Pr)+Eu(N|#rL)

a:p 8* " f— .
REW(#; : Pk, 8%, P*,0,7) YEW(M | P+ Ep(N [ 7)

(5.3)
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Again note that RE-values less than unity favor #, over #;. The quantities
Eu(M|#;) and Eu(N|#;) were computed using the table of design constants
for #; given in Tamhane and Bechhofer (1979) and the exact formulae for
these quantities given in Tamhane (1978). The Monte Carlo estimates of
Eu(M|#;1) and Eu(N|#;) were obtained from Table 4. Based on these
results the RE-values of #; velative to #p, (ap,) were computed using (5.3)

and they are given in Table 8.

By examining Table 8 we notice that at EMC, RE > 1 in many cases
unless [ is large; thus for k = 10, RE < 1 when P* = 0-99 and y = 0 and
for k = 25, RE < 1 in all cases except one. This is to be expected since #;
is based on a sharper lower bound on the PCS and no restrictions are imposed
on its design constants; thus it is possible to achieve lower values of Egpo(V)
using #,;. However if k is large than 27 (ag) (for L > 2)is able to achieve
lower values of Egpe(N) in spite of the less sharp lower bound on the PCS
used and the restrictions imposed on the design constants.

What is perhaps most striking is that RE < 1 in most cases at LFC
and in all the cases at EDC achieving values less than 0-5 for k& = 25 and
L = 5 even when y > 0, i.e., even after the cost of additional stages is taken
into account. Thus #r(apye) provides significant improvement over

in large number of situations.
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